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Abstract. We define an S^-equivariant index for non-compact symplectic manifolds 
with Hamiltonian S^-action. We use the perturbation by Dirac-type operator along the 
^-orbits. We give a formulation and a proof of quantization conjecture for this S - 
cquivariant index. We also give a comment on the relation between our S' 1 -equi variant 
index and index of transverse elliptic operators 

1. Introduction 

In [3] we gave a formulation of index theory of Dirac-type operator on open manifolds 
using torus fibration and the perturbation by Dirac-type operator along fibers. In |3] we 
gave a refinement of it for a family of torus bundles with some compatibility conditions. In 
[5] we used equivariant version of them to give a geometric proof of quantization conjecture 
for Hamiltonian torus action on compact symplectic manifolds. In this paper we give a 
formulation of S^-equivariant index theory for symplectic manifold with Hamiltonian S 1 - 
action based on the framework of [3J. The resulting index is a homomorphism from R^S 1 ) 
to Z, and if the manifold is closed, then the S" -equivariant index coincides with the 
Riemann-Roch character clS 8b functional on RlS 1 ). 

We use a perturbation by the Dirac-type operator along S^-orbits. On the other hand 
Braverman[2] gave an index theory on open manifolds based on a perturbation by the 
vector field induced from certain equivariant map, e.g., momentum map. His index theory 
realizes the index of transverse elliptic operators developed by Atiyah[I] and Paradan- 
Vergne [TT] . Though both our construction and Braverman's construction based on the 
perturbation by operators along the orbits, and hence, they have conceptual similarity, 
they are different from each other. In fact we will give an example in this paper which 
shows the difference. 

In our construction it is straightforward to give a formulation and a proof of quantization 
conjecture for non-compact symplectic manifolds with Hamiltonian ^-action. Vergne[T2] 
proposed a quantization conjecture for non-compact symplectic manifolds, which was 
proved by Ma-Zhang[7J [8] and Paradan gave a new proof in [10]. Vergne's conjecture is 
based on the index theory of transverse elliptic operators, and hence, it would be different 
from the quantization conjecture in this paper. We do not assume neither compactness 
of the fixed point set nor properness of the momentum map as in [12], [7J[S]and [ID]- We 
only assume that the inverse image of each integer point is compact. 

This paper is organized as follows. In Section 2, we give a brief review of the con- 
struction in [3] to define an ^-equivariant index ind,gi(X, V). In Section 3, we apply the 
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construction in Section 2 to the symplectic geometry case. We define an S^-equivariant 
index RRgi(M, L). In Section 4 we give a quantization conjecture for non-compact sym- 
plectic manifold with a Hamiltonian ^-action. In Section 5, we give comments on relation 
with our index theory and the index theory developed by Braverman[2]. In Appendix A 
we give some details of the explicit computation of the kernel of a family of perturbed 
Dirac operators on the cylinder. The family contains the perturbations in this paper and 
[2J. This example shows the difference between our S^-equivariant index and the index of 
transverse elliptic operators. 

1.1. Notations. 

• For each n £ Z let C(„) be the complex line with the standard action of the circle 
group S 1 of weight n. 

• Let p be a representation space of S 1 . For each n £ Z we denote by p^ n > the 
multiplicity of the weight n representation in p i.e., we put 

:=dim (Hom 5l (C (n) ,p)). 

We will also use the same notation for elements in the representation ring R(S l ). 

2. Definition of the S^-equi variant index 

In this section we give a brief review of the construction in [3] to define an index 
ind s i(X,V). 

2.1. Setting. Let A be a non-compact Riemannian manifold. Let W be a Z/2-graded 
Cl(T A )-module bundle. Suppose that the circle group S 1 acts on A in an isometric way 
and the action lifts to W so that it commutes with the Clifford multiplication. We assume 
that there exists an open subset V of A which satisfies the following assumption. 

Assumption 2.1. (1) The complement A \ V is compact. 

(2) S 1 acts on V without fixed points. 

(3) There exists a formally self-adjoint operator D s i : r(W|v) — » r(W / |y) which 
satisfies the following conditions. 

(a) D s i contains only the derivatives along the S' 1 -orbits, and its restriction to 
each orbit is a Dirac-type operator along the orbit. 

(b) For each tangent vector u which is normal to the S^-orbit, D s i anti-commutes 
with the Clifford multiplication of u : 

c(u) o Dgi + -Dsi o c(u) = 0, 

where u is the vector field along the S' 1 -orbit which is obtained by u and the 
^-action. 

(4) For all x £ V the kernel of the restriction of Dsi to the orbit S 1 ■ x is trivial i.e., 
hx(D s i\ S i. x ) =0. 



If (A, V, Dsi) satisfies these conditions, then we call (A, V,Dsi) is acyclic. 
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2.2. Definition of mdsi(X,V). Following the procedure as in (3j |5], we can define the 
^-equivariant index ind s i (X, V, -D51, W) = md s i(X,V,W) = md s i(X,V) G R^S 1 ). Let 
us recall the definition briefly. We first deform X into a complete Riemannian manifold 
X (e.g., cylindrical end) in an S^-equivariant way. We also deform W and D51 into W 
and D$i (e.g., translationally invariant) on the end of X. A perturbation of a Dirac- 
type operator on r(W") by D s i gives a Fredholm operator which acts on L 2 (W). We can 
show that the index does not depend on the choice of the completion X, and we define 
indgipT, V) as this index, which satisfies the excision formula, sum formula and product 
formula. See [5] for details. 

3. 5 1 -EQUIVARIANT LOCAL INDEX FOR SYMPLECTIC MANIFOLDS WITH HAMILTONIAN 

^-ACTION 

Let (M, u) be a (possibly non-compact) symplectic manifold with a pre-quantizing line 
bundle (L, V). Suppose that the circle group S* 1 acts on (M,u) and the action lifts to 
(L, V). Let fi : M — > K be the associated moment map. We assume that pT l {n) is 
a compact subset for each n G Z. Take and fix an ^-invariant w-compatible almost 
complex structure J on M so that we have the associated metric g J and Z/2-graded 
C7(TM)-module bundle Wl '■= A*T*M 0,1 ® L. Using the orthogonal projection from 
TM\ M MS ! t° the tangent bundle along the orbits we can define Dgi, the twisted Dirac- 
type operator along S^-orbits. Note that the restriction of D s i to each orbit is the de 
Rham operator with coefficient in the flat bundle (L, V)| or bit- We first recall some basic 
properties. 

Lemma 3.1. (1) For each x G MxM 51 , the space of global parallel sections i2" ((L, V)|si. z ) 
vanishes if and only ifker(D s i\ s i. x ) vanishes. 

(2) For each x G M \ M 5 and n G Z, i/ie multiplicity H°((L,V)\s^- x )^ vanishes if 
and only if the multiplicity ker(D s i\ s i. x )^ vanishes. 

(3) IfH°((L, V) 1 51.3.) 7^ 0, t/ien we Ziaue /i(x) G Z. In particular we have fi(M s ) C Z. 

(4) G Z and 7f°((L, V)| s i. z ) ± 0, tfien we nawe H°((L,V)\ s i. x ) = C ip(x)) . In 
particular if x G M 5 ; then we have L x = Cr^My 

We take an ^-invariant pre-compact open neighborhood X^ n of the compact set /x~ 1 (n) 
as fi-\n) C X^, C /x^Qn - 1/2, n + 1/2]). We put V^ n := X^ n \ ^ _1 (n). 

Proposition 3.2. (X^n, V^n, D s i\ v ^ n ) is acyclic. 

Proof. Since //(V^ n ) fl Z = we have (V^) 51 = and ker(Z?5i| i s-i. z ) = for all x G V^ jn 
by (1) and (3) in Lemma [3. II For each tangent vector u G T x V^ n which is normal to the 
orbit S 1 ■ x let u be the parallel vector field along the orbit. Since Dgi is the de Rham 
operator with coefficient in (L, V)|5i. z , it anti-commutes with the Clifford multiplication 
of the parallel vector field u. □ 

We can define the index indgipf^, V^ n ) G R^S 1 ) by applying the construction in 
Section [2j 

Proposition 3.3. The index indgi(.X j[i)n , V^, n ) c?oes not depend on the choice of X^ n . 

Proof. Suppose that we take two pre-compact neighborhoods X^ n and X' of /i _1 (n) 
with the required properties. It is enough to show that if X^ n C X' , then we have 
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mdsi(X^ n , V^ n ) = ind5i(X^ n , V'). The equality follows from the excision formula of 
indsi (-,■)■ □ 

Definition 3.4. We put RR [ ^ loc {M, L) := ind 5 i (X^ n , V^, n ) (n) G Z and define RR s i >loc (M, L) e 
Rom{R{S l ),Z) by setting 

RR s i,ioc(M,L) : C (n) ^ RR^ loc (M,L). 

We call RRsij 0C (M, L) the S 1 -equivariant local Riemann-Roch number. 

Remark 3.5. The number RR ( ^ loc (M,L) may be non-zero for infinitely many n. We do 
not know whether ^-equivariant local Riemann-Roch number RRsij oc {M, L) has distri- 
butional nature or not. 

Remark 3.6. Using the equivariant version of the acyclic compatible systems in [I] it 
would be possible to define the equivariant local index RRq 1oc (M, L) and RRg,i oc {M, L) 
for any compact torus G and £ in the weight lattice of G. 

Suppose that M is a compact manifold without boundary For the data (M, co,L, V), 
the ^-equivariant Riemann-Roch number RR$i(M, L) is defined as the index of the 
S^-equivariant spin c Dirac operator twisted by L. In this case the S* ^equivariant local 
Riemann-Roch number is equal to that. 

Theorem 3.7. If M is a compact symplectic manifold without boundary, then we have 

RR s i tloc (M,L) = RR s i(M,L), 
where the right hand side is regarded as a functional on R l (S l ) by 



RR S i(M,L) : C (n) m- RR s i(M,L) (n) . 



Proof We show RR [ ^ loc {M,L) = RR s i{M,L)^ for each n G Z. By (2) and (4) in 

Lemma Owe have ker(D s i \ s i. x ) (n) = H°((L,V)\ s i. x )^ = 0, for each x £ X^ n , and 
hence, by shifting trick and the localization theorem for S^-acyclic compatible system ([3 
Theorem 2.41]), we have 

RR s i(M,L) {n) = RR s i(M,L® C ( „ n) ) (0) 

= ind 5 i(X M _ n:0 , V;_ n , , W L <8> C ( _ n) U M _„ i0 )^ 

+ ^ind sl (x;_ nifc , w L ® c ( _ n) u ; _ nife )(°>, 

where -X"^_ n fc is an ^-invariant pre-compact open neighborhood of (fi — ra) _1 (/c) R M 5 * = 
/i _1 (n + A;) fl M 51 and we put V£ := X£ \ /i fl M s . On the other hand we have 
L x = CffA for each x G R M s by (4) in Lemma [3.11 We can apply the vanishing 

theorem (0 Theorem 4.1]) and we have ind s i(X^_ n>fe , Vj_ n)fc , W L ® C ( _ n ,)| x ; t _ n J (0) = 
for all 7^ 0. Note that we may assume that X^ n ^ = X^ n and V^_ nj0 = V^ n . So we 
have RR s i(M,L)W = ind 5 i(X M , n , V^ n , JUl ® C ( _ n) |^,J (0) = RR$ >loc ( M > L ® C (-")) = 
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4. Quantization conjecture 

Let (M,uj), (L, V) and \i be the data as in Section [31 Namely (M,u>) is a symplectic 
manifold and (L, V) is a pre-quantizing line bundle with Hamiltonian S^-action whose 
moment map is fi. We assume that /i _1 (ri) is a compact subset for each n G Z. Suppose 
that an integer n is a regular value of \i. Then we have a compact symplectic orbifold 
M( n ) := fi~ 1 (n)/S 1 with the prequantizing line bundle L( n ) := (L (8) C(_ n ), V)|^-i( Jl )/S' 1 . 
One can define the Riemann-Roch number RR(M( n ), Li n y) of the prequantized symplectic 
orbifold Mt n ) as the index of the spin c Dirac operator twisted by Li n ) ■ 

Theorem 4.1. If an integer n G Z «s a regular value of \x, then we have 

RR { ^(M,L) = RR(M {nh L {n) ). 

Proof. By the excision formula, the index RR^(M,L) = ind^X^, V^ n , Wt\xa,n)^ 
is localized at any neighborhood of fi~ l (n). On the other hand by the normal form 
theorem (e.g., Proposition 5.11 in [5]) we may assume that the neighborhood has the 
form /i~ 1 (n) x s i T*^ 1 . Since the S^-invariant part of the index of T*S X = S 1 x R with the 
standard structure is equal to 1, we have RR^(M,L) = md s i(X^ n , V^ n , WlIx^h)^ = 
ind( / u~ 1 (n)/S' 1 , Wl, u) ) = RR(M( n ), L( n )) by the product formula. □ 

Remark 4.2. KirwanjB] and Meinrenken-Sjamaar[5] gave definitions of RR(M( n ), Li n \) 
for a critical value n of \i. We do not understand relation between them and RR^(M, L). 

5. Relation with the transverse index 

Vergne [12] gave a formulation of quantization conjecture for non-compact symplectic 
manifolds using the transverse index studied by Atiyah pQ and Paradan- Vergne [11]. Her 
conjecture was proved by Ma-Zhang[7l [8] and Paradan gave a new proof in [10]. Ma- 
Zhang showed a generalization of Vergne's conjecture. They used the index theorem due 
to Braverman [2]. He showed that a perturbation of Dirac operator gives an analytic 
realization of the transverse index. The perturbation term is the Clifford action of the 
vector field which is induced by the moment map. The following example implies that 
our equivariant index RR s i (M, L) is different from the transverse index. 

Example 5.1. Let m be a non-zero integer and M the product of the circle S 1 and a 
small interval centered at m. Consider the standard metric and the symplectic structure 
on M. Let L be the trivial complex line bundle over M which is equipped with a structure 
of prequantizing line bundle over M. Consider the natural ^-action on M, and we take 
its lift to L so that S 1 acts trivially on the fiber direction. One has the associated moment 
map \i which is equal to the projection to the interval factor. Since m is non-zero \x does 
not have neither critical points nor zeros, and hence, the associated vector field fi M on M 
does not vanish. Then Lemma 3.12 in [2] implies that the associated transverse index xff 
vanishes. (In fact one can check that the kernel of the perturbation of the Dirac operator 
by fi M vanishes by the direct computation.) On the other hand one can check that the 
kernel of the perturbation by D s i is one dimensional and it is isomorphic to C( n ), hence, 

we have RR^}(M,L) = 5 mn . In particular we have RRsi{M, L) ^ xff - See Appendix Rl 
for details of the computation. 
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Appendix A. Perturbations on the cylinder and some computations 

In this appendix we give some details of the computations of the kernel of the perturbed 
Dirac operator on the cylinder. We consider a family of perturbations which come from 
|2], and [3]. 

A.l. Settings. 

(1) m : integer 

(2) M = M x S 1 with coordinate functions (r, 9) 

(3) g = dr 2 + d9 2 : Riemannian metric 

(4) u = dr Ad9 : symplectic structure 

(5) J : d r H- dg dg h-> —d r : almost complex structure 

(6) We use d e as a frame of TM C = (TM, J). 

(7) W + = M x C, W~ = TM C , W = W + © W~ 

(8) c:T*M -+ End(W) : Clifford action defined by 

-v^T\ A) -1 

1 



c ( rfr ) = (_>T o ' cW 



(9) p : R — >■ (m — 1/2, m + 1/2) : smooth non-decreasing function with 

{r (m - 1/4 < r < m + 1/4)) 
m-1/2 (r<m- 1/2) 
m+1/2 (r>m + 1/2) 

(10) V = d - 27rp(r) (J ? ] : Clifford connection of W 



1 / 

11) D : r(W) -»■ r(W) : Dirac operator, 

-d e - 4^\d r + 27rv^Tp N 

d e - V^ld r - 27r v /T Tp 

(12) Let S l acts on M in the standard way, and we take a lift of the 5' 1 -action on W 
so that the action on the fiber direction is trivial. All the data are preserved by 
the ^-action. 

(13) D s i : F(W) -> F(W) : Dirac operator along the ^-orbits : 

-dg + 27r v / ^Tp N 

d e - lix^^lp 

(14) fi := -2yrp : M ->• E 

(15) /i A/ = -27rp<9 e G T(TM) : induced vector field 

(16) / : M — > M + : smooth positive function on M such that f(r) = \r\ for \r— m\ > 1/2 

Remark A.l. \i gives the moment map of the ^-action on (m— 1/4, m+ 1/4) xS 1 , and 
/ e is an admissible function for (W, p, V) for any e > in the sense of [2]. 

A. 2. Perturbation of .D. For s,t, £i,£2 > we consider the following perturbation of 
D : 

D sMu£2 := D + ^Tsf^c(p M ) + tfDsi = L+° £ £2 , 

where 

^i >£1 , £2 = (1 + */ £2 )(<% - 27rv^Tp) - V^ld r - 27rV=la/ 81 p 
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and 

D7 >t , eue2 = -(1 + tn(d e - 2nV^lp) - sf=ld r + 2irV=lsf ei p. 

Note that Dx t0jEltE2 (e\ > 0) is the perturbation considered in [2] and [8], and -D ,t, £l ,o is 
the one considered in [3]. 

A. 3. ker L 2(Df t £i £2 ). For G r(W /+ ) by taking the Fourier expansion we write 

0(r^) = ^a n (r)e 2 ^" 9 . 

Then we have 

D tt,e u e 2 <P = E v /Z T(2vr((l + t/ e2 )(n - p) - S / £l p)a n (r) - o») e 2 ^" 9 , 
and hence, 

^W^ = ° ^ 27r((l + tr 2 )(n-p)- S rV)«n(r)-a' n (r)=0 

^ a n (r) = a n exp[27i [ ({1 + tf 2 )(n - p) - p)dr) (a n G C). 



Now we determine the condition to G ker i 2(D S)4ei e2 ). Since p = m ± 1/2 and / 
for ±r large enough we have 

„ W = a „e X p( 2 ./(( 1 + t M«)(«- mT l/2)-( m± l/2) S | rm 

27r(n - m T 1/2) r + — - 2vr(m ± 1/2) ' 1 ' 
V e 2 + 1 / £i + 1 

Suppose that \a n {r)\ 2 dr < oo. 

(I) E\ > 62- In this case when we take r > we have m + 1/2 > 0, and when we take 
-r > we have m — \ < 0. So we have m = 0, and hence, we have ker L 2(_D Siteije2 ) 7^ if 
and only if m — 0. If m = 0, then ker£2(D Siti£lj£2 ) is an infinite dimensional vector space 
generated by {a n {r)e 2n ^~^ ne \ n G Z}. 

(II) £1 < 82- In this case as in the same way for (I) we have m — 1/2 < n < m + 1/2, and 
hence, ker^D^J = C(a m (r)e 2 ^ me ) . 

(III) Ei = 62- In this case when we take r ^> and -r > we have 

1\ / 1\ / 1\ / 1\ 

n — m— — jt — lm+-ls<0 and In — m + — j t — Im — - Js>0. 

So we have if t — and s > 0, then m = 0, and if t > 0, then 

1 + |) ( m -I)< n <(l + f) (m + i 

In this case dimker i 2(D+ tj£i £i ) depends on s/t. 
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A. 4. kexL2(D~ tE1£2 ). For (fidg G T(W~) by taking the Fourier expansion we write 



: 2 

n 

Then we have 



D lt,e^ = ~ E ^ ( 27r (( X + - - s / £ VK(r) + a' n (r)) e 

and hence, 

^, £1 , £2 = O ^ 27r((l + tD(n-p)-sr P )a n (r) + a' n (r) = 

a n (r) = a n exp ( -2tt / ((1 + t/ £2 )(n - p) - sf £l p)dr ) (a„ E 



As in the same way for ker£2 (_D+ t £i £2 ) one can check that there are no L -solutions of 

A. 5. Computations of indices. We specialize the parameters and have computations 
of two indices, the transverse index xff i n and the equivariant local index RR s i(M, L). 

A. 5.1. xff ■ When we take s = 1, t — and Z\ > e<i we have the following. 
Proposition A. 2. 

Ker^D+o^J = C({5 m0 a n (r)e 2 ^ ne \ n e Z}>, Ker L .(D^ £u£2 ) = 0. 
In particular we have 

X™ = C({S m0 a n (r)e 2 ^ lne \ n e Z}} = 05 mO C (ri) . 

A. 5. 2. RR s i(M, L). When we take s = e 2 = we have the following. 
Proposition A. 3. 

Ker L *(D+ tjEit0 ) = C(a m (r)e 2 ^^), Ker L2 (D^ ) = 0. 
In particular we have 

RR s i(M,L) = C(a m (r)e 2 ^ lme ) = C (m) . 
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